4D gravity on a BPS brane in 5D AdS'-Minkowski space 
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We calculate small correction terms to gravitational potential near an asymmetric BPS brane 
embedded in a 5D AdS-Minkowski space in the context of supergravity. The normalizable wave 
functions of gravity fluctuations around the brane describe only massive modes. We compute such 
wave functions analytically in the thin wall limit. We estimate the correction to gravitational 
potential for small and long distances, and show that there is an intermediate range of distances in 
which we can identify AD gravity on the brane below a crossover scale. The AD gravity is metastable 
and for distances much larger than the crossover scale the 5D gravity is recovered. 

, Follovifing the original idea of Randall and Sundrum (RS) we consider a braneworld scenario. In the RS scenario 
' the five-dimensional gravity is coupled to a negative cosmological constant and a 3-brane sourced by a delta function. 
<^ , The solution in such setup is a symmetric solution given in terms of two copies of AdS^ spaces patched together along 
^ • the 3-brane. Although in this setup the fifth dimension is infinite the volume of the 5D bulk space is finite because 
the geometry is warped. As a consequence this allows having graviton zero mode responsible for 4D gravity on the 
brane. This is not necessary true for spaces asymptotically flat, because no zero mode emerges anymore. This was 
first shown by Gregory- Rubakov-Sibiryakov (GRS) [1] and Dvali-Gabadadze-Porrati (DGP) Q. The nice consequence 
of such an alternative setup is that 4D gravity on the 3-brane now emerges due to gravity massive modes and then 
is metastable. However, gravity massive modes can live long enough before escaping from the 3-brane to produce 4D 
I . gravity within a sufficient large scale — the crossover scale. 

• In the present study we investigate such a scenario in a consistently truncated 5D supergravity [1, Q , where the 
[ 3-brane appears as BPS solutions. They are solutions of first order equations that emerges through Killing spinor 
i-S^ . equations that preserves part of the supersymmetries and also satisfy Einstein equations. We shall focus on the 
bosonic sector with 5D gravity coupled to two real scalar fields [1, 0] . 
, In our investigations we are mainly interested on induced 4D gravity on asymmetric brane solutions j8l-[ll|. Such 
^ ' brane solutions have naturally appeared in the supergravity context in four- Q and five-dimensions 01 where the thick 
On ! 3-brane is embedded in an asymptotically five-dimensional AdS'-Minkowski space. We shall consider the later case, 
' because it allows the possibility of metastable 4D gravity as first pointed out in the GRS [H and DGP Q scenarios. 
I Because the five-dimensional space is asymptotically Minkowski on one side of the 3-brane its volume is infinite and 
then no gravity zero mode emerges. However, just as in GRS and DGP scenarios, we also have found 4D gravity that 
04 ' lives long enough within the crossover scale. 

Thus, as emphasized in GRS and DGP scenarios, we shall focus on the main beautiful characteristic of the 4D 
metastable gravity, that is the fact that whereas gravity becomes four-dimensional for distances very much smaller 
than the crossover scale, it emerges as a five-dimensional gravity for distances very much larger than such scale. In 
doing so, we shall find the Newtonian potential induced by the gravity massive modes of a Schroedinger-like equation 
for the gravity fiuctuations around the asymmetric 3-brane solution. 

Le us consider the bosonic sector of the supergravity action for spacetimes in arbitrary Z)-dimensions {D > 3) 
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where k = jj is the D-dimensional Planck length, and the potential of the scalar fields are taken as 
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where W{(t>i) is the superpotential, and (pi, i = 1,2,.., A/", are the scalar fields. We employ the generalized Randall- 
Sundrum metric: 

dsl = e'^^y^rif.^dxf'dx'' + dy^ , (3) 



where e^*^**^ is warp factor, fj., v = 0, 1, 2, D — 2 are indices on the (£> — 2) - brane. By using the action ^ with 
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the metric (jS]), we obtain the set of equations 



{D - l)A'<t>', -1^-0, (4a) 
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A'2 = 2 "^^^ ( i 0'2 _ y ) , (4c) 



and 
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which arc solved by the following first order equations obtained from the Killing spinor equations 

dyA = T^K^^^W, (5a) 



dW 

dycj,,^ 2(0^2) — , (5b) 



assuming that the scalar fields only depend on the transverse coordinate y. The graviton modes on (D — 2) - branes 
are governed by a linearized gravity equation of motion in arbitrary number of dimensions {D > 3) given by 0, 01 

dAiiV^g^'^'dN'^) = 0, (6) 

where $ describes the wave function of the graviton on non-compact coordinates M,N ~ 0, 1,2, ...,D — 1. Let us 
consider $ = h{y)ip{x'^) into ((6)) and the fact that Du^iip = m'^ip, where Dij-i is the flat Laplacian operator on the 
tangent frame. Thus, the wave equation for the graviton through the transverse coordinate y reads 

dy{V-99yy_dyHy)) ^ _,„2|^00|/^(y), (7) 



This is our starting point to investigate both zero and massive graviton modes on the branes. Using the components 
of the metric ([3]) into the equation ([7]) we have 

i(Z? - l)dyAdyh{y) + dyh{y) = e-^fe)/i(y), (8) 

which, changing the metric by the conformally flat metric, 

ds\ = e'^^'\^]f,^dx^'dx'' + dz^), (9) 

and employing the changes of variables: h{y) ~ tp{z)e ' and z{y) = Je '^dy, can be written as the 

Schroedinger-like equation, 

-9Xz) + y(z)V'(z) = mV(z), (10) 

where the potential V{z) is given by 

V{z) = ^-^j^ {d.Af + ^ dlA. (11) 

Now, let us examine the theory introduced by the action ([T}, for flve-dimensional gravity coupled to two real scalar 
flelds, 01 and 02- So let us make the transformation W — )■ W/[{D — 1){D — 2)], with = 5, in ((5a|) and (j5bp . and 
use units which k^^^ = 2. This is to be in accord with the model presented in Ref.Q through the superpotential 
W = 3/2a sin(\/260i) cos(\/2f'02), where a, & are real constants — see also [l^ for other superpotentials. The orbits 
cos(-\/2 6 ^i) ~ C sm{\/2 b (j)2) , where C is a real constant, decouple the flrst-order equations, and for C = 1 give the 
solutions 



biiy) ±— arccos ( tanh ( -ab yjj +{n + l) (/)2(y) = ±— arccos ( tanh ( -ab yjj+n (12) 
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such that we obtain 



A{y) = + In ( 9 sech {^^ah^v 



(13) 



where q> Q. Then, we have BPS asymmetric branes connecting the spaces AdS^ — M5 (Minkowski), see Fig.[Tl where 
the thin hmit approximation, ln(cosh(e x)) — > \ex\ for e » 1, so that 



A{y) = i-ir' ry+V^-l\-y\^ » i' 



(14) 



can be reahzcd. Here we have an additional constraint, q > I. We wiU continue the study considering a generic 





FIG. 1: a) Warp factor for BPS asymmetric branes connecting the spaces AdSs — M5 (solid line) and ] 
asymptotically, with a — I and b — 2/\/3; b) Corresponding energy densities. 



AdS^ (dashed line) 



value of q and then verify the threshold situations. In order to investigate the existence of gravitational modes in 
the vicinity of the branes, assuming odd integer values for n, we employ a change of variable which makes the metric 
conformally flat by 



y = —r z, z<0, 
a k 



(15a) 
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z > 0. 



(15b) 



The warp factor for each region, obtained by substituting the above equations in p^ . taking q ~ g^ab-k/i^ ^.^^ 
written in general form 



A{z) = -2 In 



a (z + |z|) ak 
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For D = b, replacing (|T6|) in (fTTj) and (fTO|) . we obtain the Schrocdinger-likc equation for fluctuations given by 



5{z) 
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(i(, + |,|) + |)2 8(i(z + |z|) + |)^ 



VAn (z) = m^Vm (z) . 



(16) 
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where is the four-dimensional mass which corresponds to the Kaluza-Klein modes. For z < the solution of the 
equation pT|) . is given by 



tpi^ (z) = Ci sin (m z) + C2 cos (m z) , 
and for z > 0, we have the second-order Bessel equation whose solution is given by 



?/>2„ (z) = Vz + fc [C3 J2 {m{z + k)) + Ci N2 (m(z + k))] 



(18a) 



(18b) 



where J2 and N2 are Bessel functions of the first and second kind, respectively, and Ce, I = 1,2,3,4, are constants 
to be determined below. Starting from this point, we will investigate the particular solution in which Ci = which 
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eliminates the term that does not contribute to the continuity condition at z = and also gives us ■05^^(0) = 0. 
Moreover, as this is an oscillatory solution on the bulk, the phase on the brane can be chosen conveniently. Since we 
are interested in the correction terms to the four-dimensional Newton law between two unit masses on the brane, it 
is necessary to obtain the probability of gravity with KK- modes on the brane. The asymptotic behavior of \ipm (0) P 
depends on the magnitude of the argument in the Bessel functions and the normalization factors Ci , C3 and C4 under 
certain conditions. The continuity condition of the wave function ipi^ (0) = '>p2„^ (0) and the jump condition at z = 0, 



dz 
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lead to the relation between these constants. Furthermore, the normalization factors in wave function can also be 
determined by the orthonormalization condition of Bessel functions. Then, after the above considerations we can 
rewrite ([T5a)) and (|18bp as 



ipi (z) = ^ cos (to z) . 

" TT Vfc 



(20a) 



^2^ (z) = C„ Vto (z + k) [-F{m) J2 (to (z + k)) + N2 (to (z + k))] , (20b) 

where 

^ Fi(m) _ 2fcTOA^i(TOfc)~3iV2(TOfc) 
^""^ F2(to) 2fcmJi(mfc)-3J2(TOfc) ' ^ ' 

with the normalization factor 

an = , ^ (22) 

'^+TO[Fi(m)2+F2(TO)2] 

To obtain the above relations we use the Lommel's Formula J,y+i (x) (x) — J^, {x) N^j^i {x) — and the orthonor- 
mality relations of the Bessel functions. From (pil)) we obtain the probability density 

lV'n»(0)P= , M6 ^ Ji ^21| ^ (23) 

The probability density, for to >> 1/fc has the predominance of the Bessel function of first kind. On the other hand, 
for m << 1/fc the Bessel function of second kind dominates. Then, using the asymptotic forms of Bessel function, 

{x) - cos (-a; + 1/4 {2v+1)tt) and {x) ~ sin (-a; + 1/4 {2v+1)tt) for x » 1, (x) - (x/2)'' 

and Ni, (x) ^ — I/tt {2/xy for x « 1, the probability density assumes the simplified forms: 

- .(13+'4fc2TO2) ' (24) 

\i^m{0)\' - l'^, m«i. (25) 

The correction to the four-dimensional Newtonian potential generated by the massive modes, is given by [l| 

V{r) = ^\MO)f + ^V{r), (26) 
r 

where the first term is contribution of zero mode and the second term corresponds to the correction term which is 
generated by the exchange of KK-modcs. Since our problem has no zero mode, then 

V{r) = IW{r) = / dme-"''|^m(0)P. (27) 

Jo 

Our analysis takes place in two distinct regions, where we obtain the probabilities for existence of gravity with 
continuous mode on the brane at z = 0. Consequently, it is necessary to divide this integral into two regions 

AVir) me-'^'-dm+A ^ J" ^ ,„ ^ dm] (28) 



3 7r2 Jo Ji 7r(13-h4fc2TO2) 
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The Newton law correction for KK-modcs is calculated by using equation (|28|) and can be approximated by the form 
of AV{r) at a distance r given as follows. 

In the limit of the crossover scale = fc is very small, i.e., fc — )• 0, the first integral in ([28| is dominant and gives 
the following answer 



AV{r) 



77-2 j.'d 



(29) 



which is the same one obtained in the Randall-Sundrum scenario 

On the other hand, for the crossover scale being very large, i.e., Tc = A: — > oo, the second integral in (|28p is dominant 
and we can get approximately the form of A.V{r) at a distance r, using the relation Ei(z x) = c\{x) +i [1/2 tt + si(x)] , 
where ci(x) = — cos t/t and s\{x) = — sin t/t, as follows 



V{r) 



13 m: 



13 TcTrr 
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(30) 



Let us now discuss the large and small distance behavior comparing with the crossover scale. We use the asymptotic 
forms: ci(a;) 7 + ln(a;) and si(a;) ^ x — 7r/2 for x << 1, ci(a;) ^ sin(a;)/a; and si(x) ^ — cos(a:)/x for x >> 1. 

For small distance, i.e., r/vc << 1, where 7 « 0.577 is the Euler-Masceroni constant, we obtain the following form 



Vir) 



13 m: 



13 



13r 



2r, 



7 + In 



13r 



2r, 



r « Vr 



(31) 



As we expected, at short distances the potential has the correct iD Newtonian l/r scaling. This is subsequently 
modified by the logarithmic repulsion term in (|3ip . 

Finally, for large distance, i.e., r/r^ >> 1 the potential in Eq. ([5(1)) gives 



V{r)r 

in accordance with the laws of 5D gravity 0, Q . 



2 M, 



-3 



13 7r2 r2 ^ 



(32) 



In summary, it is shown that the gravitational potential becomes the usual Newton law (— > l/r) at short distance 
and five-dimensional law (— > l/r^) at large distance. This study showed that from a 5D supergravity theory with 
two scalar fields with standard dynamics the emergence of AD gravity on a BPS asymmetric brane exists even for 
an asymptotic 5D flat space, below a crossover scale, and the manifestation of extra dimensions does not necessarily 
occur only at short distances as commonly expected. The complete behavior is controlled by a crossover scale Tc — 
see [l3| for similar results and 14 1 for related discussions. This is also in accord with GRS and DGP scenarios, where 
one has argued that Tc may be related to the present Hubble size. 

The authors would like to thanks V.I. Afonso and E. da Hora for discussions, and CAPES, CNPq, 
CAPES/PROCAD/PNPD and PRONEX/CNPq/FAPESQ for partial support. 
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